Lecture 8

Sequential
Multipliers
Notation
a Multiplicand . - - 88
X Multiplier Xz - - - % Xo

p Product (&X)  PuiPoka- - - R PP

Multiplication of two 4-bit unsigned
binary numbers in dot notation
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Basic Multiplication Equations
k-1
p =a™% X=). x; 2
i=0
k-1
p =ax=), alx 2 =

i=0
= %2 + X, + %, + ... + X%

Shift/Add Algorithms
Right-shift algorithm

p=a™ = x@a2 +xa2 + x,aZ + ... + x_,aXl =

= (...((0 + %a2)/2 + x@Z)/2 + ... + x,aX)/2 =

k times
p®@=0

piD) = (pi + X a X /2 j=0..k-1
p=pY

Sequential shift-and-add multiplier for
right-shift algorithm

Multiplier
il
k




Right-shift algorithm

a 1010
X 1011
p®  cooo
. . +Xpa 1010
Right-shift
T . 2p 01010
multiplication v 01010
. X4
algorithm: :
2(;;;2/ 01111
p 011110
Example +xa 0000
2p® 00111 10
p 0011 110
+Xga 1010
2™ 01101 110
p 0110 1110

Area optimization for the sequential shift-and-add
multiplier with the right-shift algorithm

Adder's  Adder's
carry-out sum

Unused part
k k-1 of the multiplier
//

| Partial Product | /T
k-1

k

To adder To mux control

Shift/Add Algorithms
Left-shift algorithm

p=a™ = x@a2+xa2 +x,aZ + ... + x_aXl =

= (...((02 + %4@)2 + %,a)2 + ... + xa)2 + Xa=

k times
p@=0

pld) = (00 2 + %, a) j=0..k-1
p=p¥




Sequential shift-and-add multiplier for
left-shift algorithm

——| Muliplier

Partial | Product
Multiplicand

Left-shift algorithm
a 1010
X 1011
p® 0000
. 2pl0) 00000
Left-shift 58 1010
inli i pt! 1010
multlpl_lcatlon B od 8938
algorithm: 48 0000
p@ 01 0100
Example 2pl2 010 1000
+Xq@ 1010
p® 0110010
2p® 0110 0100
1010

Shift/Add Algorithms
Right-shift algorithm: multiply-add

p©@ = yk
pi = (0 +xa2) /2 j=0..k-1
p=p¥

= (o (Y + %2212 + %@2)/2 + ... + %,22)/2 =

k times

=y +xa@+x@a2 + x,a2 + ... + % 2% =y + ax




Shift/Add Algorithms
Left-shift algorithm: multiply-add

p(o) = y2|<
pld) = (pi 2 + XK-(j+1)a) j=0..k-1
p=p¥
= (2K 2+ X q@)2 + % ,2)2 + ...+ Xa)2 + XA =

k times

=y + X 2%+ x aXx2+ . +xal+xa=y+ax
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of 2's-complement %~ ]
numbers e !
with right shifts .
(negative multiplier) ™




Sequential shift-and-add multiplier
with a carry save adder

—»
T#za

Multiplicand

0
Vu

[ kBitcsa |
Carry Tk Tk

Sum

E k-Bit Adder ’

High-Radix Notation

a Multiplicand (@& - -8,
X  Multiplier (X2 - - - X Xo)y
p Product (aX)  (Pw-1Pakz- - - B Py Po)

Radix-4, or two-bit-at-a-time,
multiplication in dot notation

e o o o a
X ® e e e x

& 0 0 0 0 (Xlxo)two a 40

e o o 0 o o (X3%X2)two @ 41t




Basic Multiplication Equations
k-1
p =a™ X :Z X,
i=0
k-1
p =ax=), alx =

i=0
= XAl + x @t +xa P+ ... +x.,a k!

High-Radix Shift/Add Algorithms
Right-shift high-radix algorithm

p = a™ = xaP + x;art + x,a + ... + x_akt =

= (...((0 + a)/r + x@af)lr + ... + % ak)/r =

k times
p®@=0

piD) = (pi + X a K/ j=0..k-1
p=pY

High-Radix Shift/Add Algorithms
Left-shift high-radix algorithm

p = a™ = xaP + x;art + x,a + ... + x_akt =

= (. (08 + X 4@)B + % @ND+ .. + @)+ XA

k times
p@=0

Pl = () [T + X, 1 12) j=0..k-1
p=p




The multiple generation part of a radix-4
multiplier with precomputation of 3a

Multiplier
IE L]
2a 2-bit shifts
| | | Xit1 X;
00 01 10 1 1/;
Mux

To the adder

Example of radix-4 multiplication
using the & multiple

a 0110

3a 010010

X 1110

p® 0000
+(X1X0)wod 001100

4p(1) 001100

pth 0011 00
+(X3X5) ol 010010

4p@ 010101 00
p@ 0101 0100

The multiple generation part of a radix-4

multiplier based on replacing & with 4a

(carry into next higher radix-4 multiplier
digit) and -a

Multiplier

2-bit shifts

0 a 2a —a

N

To the adder

Setif xi+r =xi =1
orif Xit1 = ¢ =1




Radix-2 Booth Recoding

*1 i
1001 1101 1010 1110 Operandx

(1) 1010 0110 1111 0010 Recoded
version y

Justification

2424 g2 g0l = o1 _Di

Radix-2 Booth Recoding

X, Xi_y ¥; Explanation

0 0 No string of 1s in sight

End of string of 1sin x

0 -1 Beginning of string of 1s in x

1 0  Continuation of string of 1sin x

- a4 o0
—_

1001 1101 1010 1110 Operandx

(1) 1010 0110 1111 0010 Recoded
version y

a 10110
X 10101 Multiplier
y 1171 11 Booth-recoded
© 00000
Sequential s 010t
T . 2p 001010
multiplication of p’j)a 00101 0
Y4
)
2’'s-complement o 111071
H 11101 10
numbers with Ya 01010
right shifts using 2p@ 000111 10
, i p®® 00011 110
Booth’s recoding  #=  10110
2p® 111001 110
p4 11100 1110
+y,4a 01010
2p® 000110 1110
p® 00011 01110




Radix-4 Booth Recoding

1001 1101 1010 1110 Operandx

(1) -1010 0-110 -11-11 00-10

M =2 2

1

2

101 0 2 Recoded
radix-4
version z

Table 10.1 Radix-4 Booth’s recoding yielding (z,/5"24Z¢)tour

Xist Xi Xieg Yisr Vi

Z» Explanation

0 0 0O 0 O 0 Nostringof1sinsight

o001 0 1 1 Endof a string of 1sin x

010 O 1 1 lIsolated 1inx

o1 1 1 0 2 Endofastring of 1sin x

1 0 0 "1 0 -2 Beginning of astring of 1sin x

10 1 1 1 "1 End one string, begin new one

1 1 0 0 -1 -1 Beginning of astring of 1sin x

1 1 1 0 0 0 Contnuation of string of 1sin x

1001 1101 1010 1110 Operandx

1 2 2 12 101 0 2 Recoded

radix-4
version z

Example radix-4 multiplication with modified
Booth's recoding of the 2’s-complement

multiplier
a 0110
X 1010
z 1 2 Recoded version of x
p(@ 000000
+Zpa 110100
4p(M 110100
pM 111101 00
+z;a 111010
4p@ 110111 00
p®@ 1101 1100
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The multiple generation part of a radix-4
multiplier based on Booth’'s recoding

Multiplier Init. 0 Multiplicand

2-bit shift

Nist | |Xi [ Xi Tk

‘ Recoding Logic

neg| two non0

0.a,or2a

Add/subtract | Zin L1|
control To adder input

Radix-4 multiplication with a carry-save adder
used to combine the
cumulative partial product, x;a, and X;,,a
into two numbers

Multiplicr

Old Cumulative
Partial Product

New Cumulative Partial Product

Radix-4 multiplier with
a carry-save adder and Booth’s recoding

a Multiplier
Booth
X X | x
Recoder izl P

& Selector

Old Cumulative
Partial Product

New Cumulative
Partial Product

T'o the Lower Half
of Partial Product
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Booth recoding and multiple selection logic
for high-radix multiplication

Xi

Xis|

neg

0.a,o0r2a

Extra "Dot"
for Column i

Radix-4 multiplier with
two carry-save adders

Multiplicr

Old Cumulative
Partial Product

New Cumulative

Partial Product
2-Bit

Adder

To the Lower Half

of Partial Product

Radix-16 multiplier with carry-save adders

Multiplier

Partial Product
(Upper Half)




Bit Serial Multipliers
Advantages
* small area
* reduced pin count
* reduced wire length

« high clock rate

Semisystolic Bit-Serial Multiplier (1)

Multiplicand (parallel in) Xo X| Xy X3
az aj ag 1 M

Multiplier

(serial in)
LSB-first

Product
(serial out)

Semisystolic Bit-Serial Multiplier (2)

8Xg Xy Xy aXq

ST
85Xy Xq Xy Xy Po

SN S
Xo X, Xz Xz Py
a3X \aZX ‘X \8(‘))( \ P,
173 3 2

| |

0 ao\ 40

a0 ) Ps

|
a0 30 qo\aﬂo\ Ps
N p7
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Retiming

k k

k+d444[:}47 k
€§§1d+n

k+d+n

Retimed Semisystolic
Bit-Serial Multiplier (1)

Multiplicand (parallel in) Xg X| X5 X3
a> aj 7

(serial in)
LSB-first

Product
(serial out)

Multiplier

Retimed Semisystolic
Bit-Serial Multiplier (2)
%0 30 30 o — P
30 30 qxo“ X — P
30 —aixl —ao‘xz — P
axg '—az‘xl faiTz ao‘xa — P
asxl—azxz‘ alxg —600— P
aaxz—azxs—am— 600— Ps
asxg—azo— qO— 600 — P

\ \ \
a0 — 30— 30— g0 — P;
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Systolic Bit-Serial Multiplier

Mul ll[)]IL and (par: 1”&, in)

D‘_ Multiplier
(serial in)
LSB-first

j

\H Ovf > o] o ol o i

é (serial nut)

Modular Multiplication
Special Cases

k bits

B cpep2en

ax mod? =p
ax mod 8-1=p +p,+carry

ax mod 8+1 = - p, - borrow

Modular Multiplication
Special Case (1)

= (g 2<+p) mod (1) =
= (py(2*mod 2-1) + p) mod (%-1) =
= py+p mod (1) =

pH+p|_ if pH+pL<2k—1

pytp -(2<1) if pytp =22<-1

ax mod 8-1

= P+ py+cary

carry = carry from addition pt+ p,

15



Modular Multiplication
Special Case (2)

ax mod8+1 = (g 2+ p ) mod (X+1) =
= (py(2+1-1) + ) mod (Z+1) =
A - py mod (%+1) =

PL- Pu if p_-py=0
pL-pyt(2+1) if p -py<O

p. - py + borrow

borrow = borrow from subtraction g py

Modulo (2b-1) Carry Save Adder

&

4 x 4 Modulo 15 Multiplier

® 4 4 4 4
Mod-15 CSA

-
|7

[ Mod-15 csa |

<l
|7

Mod-15 CPA
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4 x 4 Modulo 13 Multiplier
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