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AKS' Primality: Tiest

Deterministic primality-preving algoritim
s ManindrarAgrawal, Neeraj Kaval, Nitin Saxena
s PRIMES Is in P,“ 6 August 2002

Determines Whether a nUmMBEris Prime or

COMPpOoSsIte.
s [here s ne) prebability associatedlas withr Miller-Rabin Tiest
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Original AKS Algoritam

August 6, 2002’ version:

If(n=atfora e N and b > 1), output. COMPOSITE.
Find the smallest r such that Op(n) > 4 leg?n
I 1 < GCD(a, n) < nfox allla = r, eutput COMPOSITE.
I n < r, output PRIME.
Fora=1to I_Z«/go(r) log nJ

if((x +a) #x"+ a(mod x"— 1, n))

output COMPOSIIE:

Output PRIME:
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Lenstra/Pomerance Variant

Revised version we are using:

If (n = atfora e Nand b > 1), output. COMPOSITE.
Findithe smallest r suehithat O.(n) >

I ged(a, n) # 1 for all'a = r, output COMPOSITE.
Fora=1to

i (Cx + a)? X2+ a (mod X1, n)), output



Complexity

BIg-O Netation

s Read as order of

s Indicates the dominant term

AKS rins in' pelynomial time

= Original: 0 (logi2 (n))
s Lenstra/Pomerance: Ol (log”= (n))



LIDTA Implementation

Perfiect Pewerliest
s Used native 1's;_ pewer () function

GCDHest
s [nitially’ used ged()

Traditional method! off GCD! calculation

s Changed! to hgcd()

Eliminates division
Uses shifts and adds

EXpenentiation
s Left-to-Right: Expansion
= Modular'reduction at each step



Pivision Optimization

Split pelynemial into three coefficient Vectors
s [lermsi with exponents > -1

s flerm with expoenent r-1

» flerms with exponents < -1

Subtracted r firom: each expenent In: first set
Added first and third vectors together



Pivision Optimization

—— Orriginal
—— Optimized

~
n
©
c
@)
O
(b)
2
~
()
S
|_

1 4 7 1013 16 19 22 25 28 31 34 37 40 43

Number of Bitsin n




Sguaring “Optimization™

Constructedsguaring routine
s Dealtrwith' first and last terms individtally;
s Looped! through all' terms, pairing together

01 % o1 test in sguaring fiunction

Operation: times! actually’ Increased
= Confirmed preblem using GIVIP.



NITL Implementation

Effiicient poelynomial multiplication
x [LDIA used only: classical multiplication

s NTIC Automatically: cheeses from:
Classical algorithm
Karatsuba method
Tiwo Fast Feurier Transform| (FEI) methods

DramatiC PEroMance INCHEASE
a 50% of time, spent: in; FETE
x May be able te adjust selection beundaries



LIDIA vs. NTL
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NTL Potential

Implement native; Perfect Power test
s Currently rallingback to, GMP.

PossiblerAlternate Implementations
s Manually, redlice Coelificients

s Represent: polynoemiall directly as a ring
L.et NiiL handle pelynemial reduction



Perfermance; Comparisen

Crandalll & Papadopoulis
Apple;/ UMD
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Conjecture; Improvement

Improves time to 0! (log? (n))

Conjecture:

s [ffnmod r # 0 mod r'and

s [f(X=1)"=(X"—1) mod (X" -1, n)
s And n? mod r'# 1 mod r

= n is PRIME

Erom tests this appears to be; true
s [fi tests holds for'a = -1 then it holds for all a

Conjecture; s still not proven



Extrapelation with Conjecture
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Euture Work

Native GMP Implementation
s Allew total control over polynomial operations
= Very difificult ter do more efficiently: than NTL

Bernstein Expenentiation Optimization
= Map polynomiall ringl ento integer ring

Qi Cheng Method

= One round off Elliptic Curve; Primality: Test
= One iteration off AKS



Conclusions

Our Implementation comparable to) others:
NIFL better suitedl ter AKS than: LilDIA

AKS stillftoo slow: for practical use
s Conjecuure
s Bernstein / Qi Cheng

[FOcUS shieuld be onralgerithmic Improyvements
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